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Abstract
Here we derive the mass formulae for a cylindrical black hole so-
lution with positive cosmological constant Λ > 0 and surrounded by
dust. The expressions are generalising those found by Smarr for the
mass and momentum of a Kerr black hole.
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1 Introduction
Black hole are astrophysical objects that appear as a final state in a
gravitational colapse.
Black holes are naturally studied as exact solutions of Einstein equations.
Their theoretical proprieties, such us their stability, the no hair theorem, the
physics of matter surrounding them, have been investigated in great depth
and detail. However, almost all these studies have concentrated on isolated
black holes characterized which are stationary (static or axisymmetric) and
asymptotic flat. Once black holes have became important to physics too, one
should study them in realistic situation in which the black hole is associated
with a non-flat background. However, we live in a universe with positive
cosmological constant. Therefore, it would be interesting to consider the
cases when the black hole is surrounded by matter and is embedded in a
cosmological spacetime with Λ > 0. In [5] is given a cylindrical black hole
embedded in the anti de Sitter spacetime. In [6] is investigated a static black
hole embedded in Einstein universe. In [4]is studied a cylindrical symmetric
solution with positive cosmological and dust term that approaches Einstein
universe on the axis of rotation. Here we are concentrating on the conserva-
tion laws for a cylindrical black hole with Λ > 0 and surrounded by dust. In
a black hole with a positive cosmological constant we can define another kind
of event horizon. A cosmological event horizon is defined as the boundary of
the region from which light can never reach the external observer, due to the
expansion effect caused by the repulsive Λ term.
We generalize naturally the integral formulae found by Smarr for Kerr
black hole to the case of a cylindrical black hole with Λ > 0 and surrounded
by dust.
For a stationary space-time, from the conservation law for the energy-
momentum tensor T ab;b = 0 we obtain the equation:
(kaT
ab);b = 0 = [(T
ab − 1/2gabT )ka];b = (R
abka);b(1)
where ka denotes the temporal Killing vector. Therefore the following quan-
tity is conserved:
Mk =
∫
S3
(Rabka)dσa = const.(2)
The following relation is true for any Killing vector k:
{
ka;b;b = R
a
bk
b
k(a;b) = 0
(3)
unde Rab = R
c
acb is the Ricci tensor.
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If we integrate the first relation on a spatial compact 3-surface S with
frontier ∂S we obtain: ∮
∂S
ka;bdfab =
∫
S
Rabk
bdσa,(4)
where dfab s¸i dσa are the surface element on ∂S and on S, respectively. Now
if we introduce (2) and (4) into Einstein’s field equation Rab−
1
2
Rgab+Λgab =
1/8piTab, we obtain the following expression:
Mk = −1/8pi
∫
S
(T ab − 2Tδ
a
b )kadσb +M∂S.(5)
2 The Integral Formulae of a cylindrical black
hole with Λ > 0 surrounded by dust.
We will use the above relations to derive the conservation laws for the mass,
energy and flux of energy of a cylindrical balck hole with Λ > 0 surrounded
by dust.
For a stationary black hole with cylindrical symmetry there exist three
Killing vector fields: ξ, η s¸i ζ . Using 2 we obtain that the following quantities:
mass M , momentum J and energy flux P are conserved,
M =
∫
S3
(Rabξa)dσa = const.
J =
∫
S3
(Rabηa)dσa = const.
P =
∫
S3
(Rabζa)dσa = const.
(6)
The above integrals are taken on a 3-surface S3 with a frontier ∂S3 6= 0,
which intersect both black hole event horizons and it consists of the event
horizon ∂B, the cosmological even horizon [2] C, and the frontier at infinity
S
∞
.
From(5) we can deduce a relation for the total massM of the gravitational
system consisting of black hole and its surrounding dust:
Mtotal = −1/4pi
∮
∂S∞
ξa;bdfab = 1/4pi
∫
Sext
Rab ξ
bdσa.(7)
We take t, the parameter on the integral curves of the Killing vector field
ξ, ξa = ∂t. Then we define the Killing vector l
a =
dxa
dt
, which is null on both
the event horizon and cosmological horizon of the black hole.1 Because l is
vector Killing we can therefore write it as a liniar combination of ξ, η s¸i ζ ,
1The null Killing vector la with respect to both horizons for the case of a static black
hole in an asymptotically anti de Sitter spacetime coincides with ξa [3]
3
la = ξa + Ωηa + vζa. Here Ω is interpreted as the constant angular velocity
and v, the translational velocity along axis of rotation η = 0 of the black
hole.
Also we have df 1ab = l[anb]dAB, the surface element on the event horizon
∂B and df 1ab = l[amb]dAC , the surface element on the cosmological event
horizon ∂C, where we denoted with AB the area of intersection of S3 with
the event horizon, AB the area of of cosmological event horizon on S3 and
na, respectively ma, the null vectors orthogonal on event horizons.
We therefore obtain the following formula for the integral mass of a cylin-
drical black hole with positive cosmological constant Λ > 0:
Mtotal − 2ΩHJH +
κB
4pi
AB +
κC
4pi
AC − 2vHPH
=
∫
S(2T
a
b − Tδ
a
b ) ξ
adσa.
.(8)
where we denoted by kB and kC the surface gravities for the black hole, which
show to be constant on the black hole event horizon, respectively cosmological
event horizon.
For a black hole asymptotic flat the total measured from infinity isMtotal =
−1/4
∫
∂S
∞
ξa;bdσab.
The following quantities:
MH = −1/4pi
∮
∂B(ξ
a;b)dfab = −1/4pi
∮
∂B(ξ
a;b)l[anb]dA
JH = 1/8pi
∮
∂B(η
a;b)dfab = 1/8pi
∮
∂B(η
a;b)l[anb]dA
PH = 1/8pi
∮
∂B(ζ
a;b)dfab = 1/8pi
∮
∂B(ζ
a;b)l[anb]dA
(9)
represent the mass, final momentum and the flux of energy through the event
horizon of black hole.
The relations (4) for the Killing vector ζ = ∂z associated with translations
along the axis of rotation take the form:
1/8pi
∫
S
T abζadσb =
∮
∂B
ζa;bdfab +
∮
C
ζa;bdfab(10)
We can define P = 1/8pi
∫
S T
abζadσb as the energy flux of the matter
between the event and cosmological horizons cele doua˘ orizonturi calculated
on the spacial hipersurface S. The second term, PC =
∮
C ζ
a;bdfab defines the
energy flux radiated through the cosmological horizon C.
The energy-momentum tensor is defined by Tab = µu
aub, where µ is the
density of the dust which rotates rigidly around the black hole with a 4-
velocity ua = ξa + Ωηa + wζa.
For the case of vacuum black hole with Tab = 0, Λ > 0 and axially
symmetric we re-obtain the relations discovered by Smarr for a Kerr black
[1], [7],
4
AB = 8pi[M
2 + (M2 − J2H)]
1/2
Ω =
4piJH
MAB
,
k
4pi
=
(M4 − JH)
1/2
2MAB
(11)
3 Conclusion
In this paper we have deduced the expressions for the mass integral for a
stationary cylindrical black hole with positive cosmological constant and dust
term, expressions that generalize the mass formulae found by Smarr for a
Kerr black hole.
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